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We investigate infrared logarithms in de Sitter space from holographic perspective. We employ
a gravitational Fokker-Planck equation to investigate the time evolution of the de Sitter entropy
S = pi/(GNH
2), where H is the Hubble parameter and GN is the Newton’s constant. Under the
Gaussian approximation, we obtain the dynamical β function of g = 1/S. It is asymptotically free
toward the future. It also possesses the ultraviolet fixed point indicating that the Universe started
the de Sitter expansion at the Planck scale. The pre-inflation era exists to prepare a special initial
condition for the inflation era as a quantum remnant.
I. INTRODUCTION
In de Sitter (dS) space, the Universe undergoes the
accelerated expansion. Quantum fluctuations are red-
shifted to exit the cosmological horizon one after another.
From the static observer’s point of view, nothing goes
out of the horizon but the conformal zero mode accumu-
lates at the horizon. There is a long history of seeking
a mechanism to screen the cosmological constant [1–4].
The essential feature of our shielding mechanism is the
diffusion of the conformal zero mode with the entropy
generation in the stochastic process [5, 6]. We build on
the stochastic picture of infrared (IR) fluctuations [7, 8].
The negative norm of the conformal mode is crucial for
screening of the cosmological constant operator [9]. The
IR logarithmic effects from gravity, which are expressed
by the scale factor a of the Universe as logn a, play an
essential role [10, 11].
In order to evaluate the IR logarithmic effects nonper-
turbatively, we formulate a Fokker Planck equation for
the conformal zero mode of the metric. We obtain the
β function for g = GNH
2/π in a Gaussian approxima-
tion which is valid for a small coupling. We first sum
up the logn a terms to all orders to find the one-loop
running coupling g = 2/ logN , where N = log a is the e-
folding number. We thus take into account the 1/ lognN
corrections to cover the backreaction of g. Since the β
function is negative, it implies asymptotic freedom of g
toward the future [12, 13]. Furthermore, the β function
possesses a ultraviolet (UV) fixed point in the past when
g = 1/2. This fact indicates that our Universe started the
dS expansion at the Planck scale with a minimal entropy
S = 2 while it has S = 10120 now. Strictly speaking, our
approximation is justifiable when the coupling is small.
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Nevertheless, g = 1/2 might be a small coupling such
that this picture might be essentially correct.
We investigate the degrees of freedom at the cosmologi-
cal horizon, i.e., the dS entropy S = 1/g. Our fundamen-
tal postulate is that it is the von Neumann entropy of the
conformal zero mode. We can derive the β function of g
without the standard renormalization in the bulk. In the
holographic approach, we derive it by counting the de-
grees of freedom at the boundary. On the boundary, we
can see the stochastic process which reduces g while in-
creases S. This process is described by the gravitational
Fokker-Planck equation.
II. DS ENTROPY AND ASYMPTOTIC
FREEDOM
dS space has a cosmological horizon. Gibbons and
Hawking pointed out that it has a geometric entropy pro-
portional to the area of the horizon [14]. If the Hubble
parameter decreases with time, the dS entropy must in-
crease simultaneously. We investigate four-dimensional
gravity on dS space from an entropic point of view. We
postulate that the identity of the dS entropy is the von
Neumann entropy of the conformal zero mode [5, 6]. As
the Universe expands at an accelerated rate, zero modes
accumulate at the horizon. In this sense, it is a natural
idea. For the consistency with the local Lorentz sym-
metry, only the conformal mode may contribute to the
anomalous time evolution of the entropy.
dS space can be decomposed into the bulk and the
boundary, i.e., the horizon. From holographic perspec-
tive, we consider the conformal zero mode dependence of
the Einstein-Hilbert action:
1
16πGN
∫ √
gd4x(Re2ω − 6H2e4ω) ≃ π
GNH2
(1− 4ω2),
(1)
where the gauge fixing sector is omitted because it does
2not produce the IR logarithms in the background gauge.
The semiclassical dS entropy was obtained by rotat-
ing the background spacetime dS4 to S4 in (1). The
quadratic part of ω constitutes a Gaussian distribution
function for the conformal zero mode,
ρ(ω) =
√
4
πg
exp
(− 4
g
ω2
)
. (2)
It represents an initial state of the Universe when the dS
expansion begins. In order to describe the time evolution,
we introduce a parameter ξ into (2),
ρ(ξ, ω) =
√
4ξ
πg
exp
(− 4ξ
g
ω2
)
. (3)
As discussed below, ξ describes an instability due to dif-
fusion, i.e., the von Neumann entropy S = −tr(ρ log ρ)
becomes larger as ξ becomes smaller. Using the distribu-
tion function, the n-point functions are defined as follows
〈ωn(t)〉 =
∫
dωρ(ξ, ω)ωn. (4)
In particular, the two-point function of the conformal
mode is given by
〈ω2(t)〉 = g
8ξ
. (5)
Since g ∝ H2, the conformal mode can be regarded as
the scalar perturbation where ξ corresponds to the tensor
to scalar ratio r, ξ ∝ r.
The negative norm of the bulk conformal mode in-
dicates that the distribution function of the boundary
mode ρ diffuses toward the future. The bare distribution
function is given by
ρB = exp
(3g
4
∫
µ
dk
k
· 1
2
∂2
∂ω2
)
ρ, (6)
where we integrate the bulk mode, i.e., the subhorizon
mode and thus the renormalization scale is the Hubble
scale:
∫
µ
dk/k ∼ − logµ ∼ −Ht. Since ρB is indepen-
dent of µ or equivalently t, the renormalized distribution
function obeys the following Fokker-Planck (FP) equa-
tion:
ξ˙
∂
∂ξ
ρ− 3g
4
· H
2
∂2
∂ω2
ρ = 0, (7)
where O˙ denotes a derivative ofO with respect to the cos-
mic time t. The factor 3g/4 in the diffusion term is the
projection factor to the IR region. The conformal mode
ω consists of a minimally coupled field X and a confor-
mally coupled field Y : ω =
√
3X/4 + Y/4 [10, 11]. We
neglect Y because it has the effective mass m2 = 2H2.
There is no drift term in the reduced space consisting
only of X . This is consistent with the freeze of the scalar
perturbation after the horizon exit. The sign of the dif-
fusion term is negative due to the negative norm of X .
The FP equation shows that ξ evolves to cancel the effect
of the diffusion term. We thus obtain the positive-norm
scalar perturbation by identifying ξ˙∂ρ/∂ξ with ρ˙.
The FP equation is a dynamical renormalization group
equation. We sum up the IR logarithms logn a = (Ht)n
by this equation to find a running coupling g(t). The
renormalization group trajectory must reach Einstein
gravity in the weak coupling limit for the consistency
with general covariance [15]. The FP equation shows
that the standard deviation 1/ξ in (3) increases linearly
with the cosmic time,
ξ =
1
1 + 6Ht
. (8)
The von Neumann entropy thus increases logarithmically,
∆S = −1
2
log ξ =
1
2
log(1 + 6Ht). (9)
Identifying the time evolution of the von Neumann en-
tropy with that of the effective action, i.e., the dS entropy
S(t) = 1/g(t), we sum up the IR logarithmic corrections
on g up to the one-loop level,
1
g(t)
=
1
g
+
1
2
log(1 + 6Ht). (10)
In terms of the β function, this result can be summarized
as follows
β =
∂
∂ log(1 + 6Ht)
g(t) = −1
2
g2(t). (11)
The holographic investigation at the boundary shows
that g is asymptotically free toward the future. At
Ht ≪ 1, g(t) ∼ g(1 − 3gHt). It is consistent with the
renormalization in the bulk where the negative norm of
the conformal mode leads to the screening of the cou-
pling. See Sec. III in [6].
III. INFLATION AND DS DUALITY
The Gaussian distribution of the conformal zero mode
is characterized by the standard deviation 1/ξ. Although
there is no inflaton in Einstein gravity, we propose to
identify the inflaton f as f2 ∝ 1/ξ. In our interpretation,
the inflaton is not a fundamental field but a parameter
of the distribution function.
While the inflation theory is specified by the inflaton
potential, the dynamics of quantum gravity is determined
by the FP equation which describes the stochastic pro-
cess at the horizon. With this identification, the classical
solution of the inflation theory satisfies the FP equation
as well.
We showed that the inflaton potential is generated at
the one-loop level [6],∫ √−gd4x[ 1
16πGN
R− V (f)− 1
2
∂µf∂
µf
]
, (12)
3where the initial value of the slow-roll parameter ǫ =
(V ′/V )2/(16πGN ) is given by 3g/2. The one-loop exact
entropy evaluated by the FP equation (9) is consistent
with the perturbative classical solution of (20) as ∆S =
−(1/g)(V ′/V )∆f = 3Ht at Ht≪ 1. Thus, the inflation
theory with the particular potential is equivalent to the
quantum gravity specified by the FP equation, at least
locally.
This fact constitutes a strong evidence for a dS dual-
ity between Einstein gravity and an inflation theory (or
a quintessence theory). It is a duality between quan-
tum/classical gravity in dS space unlike dS/CFT duality
[16–18]. It is likely that there are multiple elements in
the universality class of quantum gravity/inflation the-
ory. The inflation era of the early Universe may be one
of them and the recent domination of dark energy could
be another. The most economical solution is that the
former is a strong coupling solution and the latter is a
weak coupling solution of the same effective theory (12).
We evaluated the time evolution of g as a linear re-
sponse in (7). Taking into account the backreaction of g,
the FP equation becomes as follows
ξ˙
∂
∂ξ
ρ+ g˙
∂
∂g
ρ− 3g
4
· H
2
∂2
∂ω2
ρ = 0. (13)
Substituting (3), we obtain
∂
∂N
log
g
ξ
= 6ξ. (14)
This equation enables us to evaluate higher order cor-
rections to the β function. The expansion parameter is
1/ logN . We can confirm that the following g and ξ sat-
isfies (14),
g =
2
logN
(
1− 1
logN
)
, ξ =
1
6N
(
1− 1
logN
)
. (15)
Thus, the β function and the entropy generation rate are
given by
β =
∂
∂ logN
g =
−2
log2N
(
1− 2
logN
)
, (16)
∂
∂N
S = −1
2
∂
∂N
log
ξ
g
=
1
2N
(
1− 1
logN
)
. (17)
A remarkable feature is that the coupling has the max-
imum value g = 1/2 at the beginning. It steadily de-
creases toward the future as the β function is negative
in the whole region of time flow. It has two fixed points
at the beginning and at the future of the Universe. The
existence of the UV fixed point may indicate the consis-
tency of quantum gravity. The β function describes a
scenario that our Universe started the dS expansion with
a minimal entropy S = 2 while it has S = 10120 now.
This scenario supports the idea that quantum gravity
has a UV fixed point with a finite coupling [15]. Such
a theory might be a strongly interacting conformal field
theory. However, it is not an ordinary field theory as the
Hubble scale is Planck scale. Our dynamical β function
is closely related to the cosmological horizon and physics
around it. The existence of the UV fixed point could
solve the trans-Planckian physics problem. A consistent
quantum gravity theory can be constructed under the
assumption that there are no degrees of freedom at trans-
Planckian physics [19]. In this sense, it is consistent with
string theory and matrix models. The Universe might be
governed by (15) in the beginning as it might be only the
UV finite solution of the FP equation.
In fact, the equation (14) has another solution:
g = N
m
2 , ξ =
m+ 2
12N
. (18)
Let us recall that g ∝ H2 and ξ ∝ r = 16ǫ. If we identify
ξ with ǫ as follows
ǫ =
3m
m+ 2
ξ, (19)
the solution (18) reproduces H2 and ǫ for the fm inflaton
potential after the time reversal:
H2 ∝ g ∝ N˜ m2 , ǫ = m
2
16πGNf2
=
m
4N˜
, (20)
where N˜ = Ne −N and Ne denotes the end of inflation.
The left-hand side of (14) can be identified with (1−ns)
after the time reversal, where ns is the scalar spectral
index. Let us recall that (1 − ns) is expressed by the
slow-roll parameters ǫ and η,
1− ns = 6ǫ− 2η. (21)
With the identification (19), the equation (14) is equiv-
alent to (21) for the fm inflaton potential where η =
(m − 1)/(2N˜). Our FP equation is derived to describe
the dynamics of the conformal zero mode. It is totally
unexpected to find an inflation theory as its solution.
This fact gives another evidence for the dS duality.
Although the dS entropy can be explained by quantum
effects alone for the weakly coupled inflaton solution, the
strongly coupled inflaton solution is a dual object in the
sense that geometrical description is reliable. The in-
crease of the entropy S = 1/g can be evaluated by the
first law T∆S = ∆E where ∆E is the incoming energy
flux of the inflaton H˙(t) = −4πGN f˙2 [20].
The solution (15) is UV complete as g has a finite
maximum value. However, it cannot end the inflation
as ǫ = −(1/2)∂ log g/∂N ∼ 1/(2N logN) decreases with
time. On the other hand, the solution (18) with the time
reversal is not UV complete but it can end the inflation
as ǫ ∼ 1/N˜ increases with time. These solutions generate
the entropy in different ways: 1/g ∼ logN for the for-
mer and 1/g ∼ 1/N˜ 12 for the latter. From the perspective
that the solution with dominant entropy is chosen, (15) is
chosen initially and (18) is chosen after logN ∼ 1/N˜1/2.
4That is to say, (15) describes the pre-inflation era and
(18) describes the inflation era.
The pre-inflation era exists to prepare a special ini-
tial condition for the inflation era. The preceding era
diminishes ǫ to a tiny value and thus resolves the fine-
tuning problem for inflation [21]. For example, let us
consider the case that the Universe transits from the pre-
inflation era to the inflation era whose potential is linear,
i.e., m = 1. Starting from O(1) values, g decreases to
O(10−2) and ǫ decreases to O(10−16). In the inflation
era, g gets a further decay factor O(10−8) and ǫ bounces
back to O(1). We made this estimation so that g de-
creases to O(10−10) in total. In the intuitive discussion,
the transition between these eras is not continuous in the
first derivative. As discussed below, we can obtain more
realistic transition scenarios by constructing composite
solutions.
IV. COMPOSITE SOLUTIONS
The perturbative quantum effects may induce the in-
flaton potential with a positive integer index m. We can
generalize the integer index to a rational index by a non-
perturbative approach. From (g1, ξ1) and (g2, ξ2) which
correspond to the inflation theories with the fm1 and fm2
potentials respectively, we can construct a new solution
by the geometric mean of g’s (and the arithmetic average
of ξ’s):
g3 =
√
g1g2, ξ3 =
1
2
(ξ1 + ξ2). (22)
This composite solution corresponds to the inflation the-
ory where the index of the potential ism3 = (m1+m2)/2.
The new index m3, which consists of the positive integer
indexes m1 and m2, is not integer in general but still
larger that 1. In other words, (22) still describes the
inflation theory with a convex potential.
We can also construct a composite solution by the ge-
ometric mean of the logarithmic solution (15) and the
power-law solution (18):
g ∝ N
m
4
log
1
2 N˜
(
1− 1
log N˜
) 1
2Z(N, N˜),
ξ =
m+ 4
24N
Z(N, N˜), (23)
where the factor Z is introduced to satisfy (14),
Z(N, N˜) = 1 +
2
m+ 4
N
N˜ log N˜
(
1− 1
log N˜ − 1
)
. (24)
After the time reversal, g and ξ can be identified with
H2 and ǫ respectively:
H2 ∝ g ∝ N˜
m
4
log
1
2 N
(
1− 1
logN
) 1
2Z(N˜ ,N),
ǫ =
3m
m+ 4
ξ =
m
8N˜
Z(N˜ ,N). (25)
Here we can see the bounce of ǫ, i.e., ǫ decreases initially
and increases after N ∼ N˜ . The composite solution (23)
thus describes the transition from the pre-inflation era to
the inflation era. This transition scenario is more realistic
compared with the previous one as it is continuous in the
first derivative.
At the initial stage N ≪ Ne (N˜ ≃ Ne), g behaves as
follows
g ∝ 1
N log
3
2 N
(
1− 1
logN
) 1
2
(
1− 1
logN − 1
)
, (26)
and thus the initial behavior of the β function is given
by
β = g
{
− 1− 3
2 logN
+
1
2(logN − 1) logN
+
1
(logN − 2)(logN − 1)
}
. (27)
Since it has a zero point during 2 < logN < 3, the
composite solution (23) is UV complete.
At the last stage N ≃ Ne (N˜ ≪ Ne), g behaves as
follows
g ∝ N˜ m4 . (28)
The composite solution (23) gives almost the same time
evolutions of (1−ns, r) with the classical inflation theory
with the f
m
2 potential:
1− ns = m+ 4
4N˜
Z(N˜ ,N), r =
2m
N˜
Z(N˜ ,N), (29)
where (Z − 1) is the quantum remnant from the pre-
inflation era though it is suppressed by N˜/Ne. We con-
clude that in contrast to the elementary solutions (15)
and (18), the composite solution (23) describes the en-
tire picture of the accelerated expansion era, i.e., the pre-
inflation era and the inflation era.
The m = 1 case of (23) gives a concave inflaton po-
tential, i.e., the f
1
2 inflaton potential. In a similar way,
we can construct the inflaton potential with any rational
index. For example, the geometric mean of (n− 1) loga-
rithmic solutions and a linear potential solution gives the
following composite solution:
g ∝ N
1
2n
log
n−1
n N˜
(
1− 1
log N˜
)n−1
n Z(N, N˜),
ξ =
2n+ 1
12nN
Z(N, N˜), (30)
where Z is given by
Z(N, N˜) = 1 + 2(n− 1)
2n+ 1
N
N˜ log N˜
(
1− 1
log N˜ − 1
)
. (31)
After the time reversal, we obtain
H2 ∝ g ∝ N˜
1
2n
log
n−1
n N
(
1− 1
logN
)n−1
n Z(N˜ ,N),
ǫ =
3
2n+ 1
ξ =
1
4nN˜
Z(N˜ ,N). (32)
5Here we can see the bounce of ǫ as well as (25).
At the initial stage N ≪ Ne (N˜ ≃ Ne), g behaves as
follows
g ∝ 1
N log
2n−1
n N
(
1− 1
logN
)n−1
n
(
1− 1
logN − 1
)
, (33)
and thus the initial behavior of the β function is given
by
β = g
{− 1− 2n− 1
n logN
+
n− 1
n(logN − 1) logN
+
1
(logN − 2)(logN − 1)
}
. (34)
Since it has a zero point in 2 < logN < 3, the composite
solution (30) is UV complete as well as (23).
At the last stage N ≃ Ne (N˜ ≪ Ne), g behaves as
follows
g ∝ N˜ 12n . (35)
The composite solution (30) gives almost the same time
evolutions of (1−ns, r) with the classical inflation theory
with the f
1
n potential:
1− ns = 2n+ 1
2nN˜
Z(N˜ ,N), r = 4
nN˜
Z(N˜ ,N), (36)
where Z − 1 = O(N˜/Ne) is the quantum remnant from
the pre-inflation era. We point out the similarity to the
composite excitations in the fractional Hall effect [22].
V. SUMMARY AND IMPLICATIONS
From holographic perspective, we formulated the FP
equation for the conformal mode at the boundary, i.e.,
the horizon. This formulation was made under the Gaus-
sian approximation, which may be justifiable for g =
GNH
2/π < 1. We identified the von Neumann entropy
built from its solution with the dS entropy S = 1/g. With
the identification, the FP equation shows an anomalous
time evolution of g, i.e., a quantum-induced inflation pic-
ture.
The FP equation has two types of solutions. One of
them is the pre-inflation solution (15) which is UV com-
plete and prepares a special initial condition for inflation
by diminishing ǫ to a tiny value. The other is the sub-
sequent inflation solution (18) which is not UV complete
but ends the inflation by increasing ǫ to 1. This tran-
sition scenario is supported by the perspective that the
solution with dominant entropy is chosen. Since the en-
tropy 1/g for (15) increases logarithmically and that for
(18) increases in a power-law, the former is chosen ini-
tially and the latter is chosen after an enough time.
Furthermore, we improved the above transition sce-
nario by constructing composite solutions. The compos-
ite solutions (23) and (30), which consist of the logarith-
mic solution (15) and the the power-law solution (18),
describe the bounce of ǫ keeping its first derivative con-
tinuous. Combining the elementary solutions, the com-
posite solutions give the entire pictures of the accelerated
expansion era.
The composite solutions can describe the inflaton po-
tentials with any rational index. The concave inflaton
potentials are favored by the current status of CMB ob-
servations [23]. Our transition scenario can give the con-
sistent predictions with the current status, i.e., them = 1
case of (29) and the n ≥ 2 cases of (36). The remaining
problem is to specify the case which describes our Uni-
verse, from a theoretic viewpoint. We leave it as a future
subject.
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